Appendix A Supporting Material: Proofs

A.1 Proof of Theorem 1 (Reaction of M PS to income growth)

Proof. Consider a population at time ¢t = 1 with ordered incomes y;;, ¢ = 1,..., IV, and
N

mean income ;. We make use of Definition 1, MPS; = F(u;) = % > Ty <u, to derive
i=1

the reactions of M PS in the five growth scenarios laid out in Theorem 1:

(a) Uniform relative growth: All incomes rise by the same factor ¢ > 1:
1w 1w
MPS; = N ZIC'yi,léc'Ml - N ZIyi,ISIH = MPS, (S_l)
i=1 i=1
(b) Uniform absolute growth: All incomes rise by the same absolute value a:
1w 1
MPS; = N ZIym-i-aSm-&-a = N ZIymSm = MPS, (S-2)
=1 i=1

(c) Top income growth: The share p of top incomes grows by a factor ¢ > 1, where

Yj(1—p)N],1 > p1 implies that only incomes above the p; are affected.

[(1-p)N] N
1 1
MPS? = N Z I'yi,1§H2 + N ' Z Ic'yi,1§M2 > MPSl (8'3)
. i=1 , i=[(1—p)N]+1
| =N =0
Zﬁ ~ Iyi,lﬁﬂl
or alternatively
1N 1 [(1—p)-N]
MPS, =+ nyi,ﬁm N Y Tu<pem > MPS, (5-4)
i=1 i=[N-MPS]+1

J

'

MPS, >0

with [y] denoting the integer part of the number y. In (S-3), the first term captures
that the incomes of some unaffected individuals just above pq might fall below po
because o > p1. The second term is zero because all top incomes affected by the

growth will end up above ps as 1 < pa < c- .

(d) Bottom income growth: The share p of bottom incomes grow by a factor ¢ > 1,

where yp,n)2 < p1 implies that all affected incomes remain below pi;.
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[p N]

MPS; = Z vip<m T Z via<pe = MPS, (5-5)
z—[p N]+1

-~

=p as before . X
2N ) > Iyi,lﬁm
i=[p-N]+1

In (S-5), the first term remains unchanged because the incomes of the affected
individuals remain below p;. The second term captures incomes unaffected by the
change, including those middle income earners just above puq, which potentially fall

below py because o > py.

(e) Middle income growth: Incomes around p; between the lower bound b and the
upper bound ub grow by ¢ > 1, where y[yu.n),1 > p2 implies that unaffected richer

individuals stay above the new mean po > pi1:

- [ub-N]
1
MPSQ = N Z Iyi,1SH2 Z Ic “Yi, 1<,u2 Z Iy¢,1§u2 < MPSl
i=1 =[lb-N] l S
=[i»-N]-1 as before [ub- N] = f
S':[zzb-m Fuiasm 0 as before

(5-6)

n (5-6), the first term is unchanged because unaffected poorer individuals below 1
are also below p5. The second term captures that among the affected middle income
households which were below p;, some may jump across the mean, which increases by
less than ¢, while their incomes increase by c¢. The third term captures that unaffected

richer individuals stay above ps. This completes the proof of Theorem 1.

A.2 Proof of Table 1, Reaction of M IS to income growth

Proof. We proceed analogously to the previous proof and use the definition (2) of M IS

[MPS;-N]
Z yz 1° yl 1<p1 Z yi,l ,u
MIS, = — == = MPS, - 2l (S-7)

"
Z Yi1 Z Yia !

i=1 =1

where fiap1 = 57 P51 ~ Z Vi1 - Ly, <u, is the mean of all incomes below the mean ;.
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(a) Uniform relative growth: All incomes rise by the same factor ¢ > 1:

ZC yzl cy11<cu1 Zyzl Yi, 1 <p1
MIS, = — = MIS, (S-8)

Zl C-Yi1 Z Uil
i= i=1

(b) Uniform absolute growth: All incomes rise by the same absolute value a > 0:

Mz

(yz 1+ CL) Iyi,1+a§M1+a
MISQ =1 - MPSl :

N
> yi1+ Na

=1

Hsub,1 +a
M1+ a

Note that frsup1 < p1.

(c) Top income growth: The share p of top incomes grows by a factor ¢ > 1:

[MPS;-N] [MPS5-N]
'21 Y1+ _ > Yi,1
MISZ _ 1= NZ:[MP5'1~N]+1 ; MISl (S—lO)
pr- N+ > (e—1)-yix
i=[(1=p)N]

The denominator in (S-10) increases due to growth at the top. The first term in the
numerator stays constant because the incomes of individuals below M PS; have not
changed. But the second term is nonnegative as M PSy > M PSy; it contributes the
incomes of those individuals who have fallen below the mean. If this term is small
(large), the numerator will increase by less (more) than the denominator and M1S

will decrease (increase).

(d) Bottom income growth: The share p of bottom incomes grows by a factor ¢ > 1:

[p-N] [MPS;-N] [MPSs-N]

ZC Yir+ > Yia T+ > Yi1

=1 i=[p-N]+1 i=[MPS1-N]+1
[p-N]
M1N+ Z (C—l)'yiJ

=1

MISs =

> MI1S, (S-11)

Both the numerator and the denominator in (S-11) increase, but the numerator
increases by at least as much as the denominator, so that the ratio increases. The
point is that all bottom incomes that go up by ¢ are contained in the denominator as
well as in the first term of the numerator. The second term in the numerator is the
same as before (below-mean incomes unaffected), while the third term is nonnegative,
contributing the incomes of those that fall below s as MPSy > M PS;.
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(e) Middle income growth: Incomes around p; between the lower bound b and the

upper bound ub grow by ¢ > 1:

[1b-N—1] [ub-N] [MPS5-N]
Z Yi + Z c- yivlzc‘yi,ISMQ + Z yi,lI i1 <2
=l i=[lb-N] i=[ub-N]+1 <
MIS; = ] = MIS; (S-12)
pi- N+ >0 (e—1)-yin
i=[lb-N]

While the denominator in (S-12) increases, the numerator can decrease or increase (by
either less or more than the denominator) so that the overall effect is ambiguous. Note
that (S-12) holds irrespective of [M PSy- N| > [ub- N]4+1 or [lb- N] < [MPS,-N| <
[ub- N1, in which case the third sum of the numerator is zero by definition. The point
is that middle incomes which grow by ¢ increase the numerator, but at the same time
the weakly decreasing M PS implies that there are potentially fewer middle income

earners below s to be included. These two effects point into opposite directions.
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